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ABSTRACT

Lunisolar perturbations for general texrms of the disturbing function were
derived by Kaula (1962). However, his formulas use equatorial elements for the Moon
and do not give a definite algorithm for computational procedures. As Kozai (1966)
suggested, both inclination and node of the Moon's orhit witk. respect to the equator of
the Earth are not simple functions of time, while the same elements with respect to
the ecliptic are well approximated by a constant and a linear function of time, res-
pectively. In the present work, we obtain the disturbing function for the Moon's per-
turbations using ecliptic elements for the Moon and equatorial elements for the satellite.
Secular, long-period, and short-period perturbations are then computed, with the
expressions kept in closed form in both inclination and eccentricity of the satellite.
Alternative expressions for short-period perturbations of high satellites are also
given, assuming small values of the eccentricity. The Moon's position is specified
by the inclination, node, argument of perigee, true (or mean) longitude, and its radius
vector from the center of the Earth. We can then apply the results to numerical
integration by using coordinates of the Moon from ephemeris tapes or to analytical
representation by using results from lunar theory, with the Moon's motion represented
by a precessing and rotating elliptical orhit.
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RESUME

Kaula (1962) a déduit les perturbations lunisolaires pour les termes généraux
de la fonction de perturbation. Toutefois, ses formules emploient des é&léments
équatoriaux pour la lune et ne donnent pas un algorithme défini pour les
procédés de calcul. Comme 1'a suggéré Kozai (1966), 1'inclinaison et le noeud
de 1'orbite lunaire ne sont pas de simples fonctions du temps par rapport a
1'orbite terrestre, tandis que ces mémes éléments peuvent &tre assimilés,
respectivement, & une constante et & une fonction linéaire du temps par rapport
a 1'écliptique. Dans cette étude nous avons obtenu la fonction de perturbation
pour les perturbations lunaires en employant des élémerts écliptiques pour

la lune et des éléments équatoriaux pour le satellite. Nous avons alors cal-
culé les perturbations séculaires et les perturbations & longues et courtes
périodes, les expressions de i'inclinaison et de 1'eccentricité du satellite
restant délimitées. Nous donnons aussi des expressions alternztives pour des
perturbations & courtes périodes de hauts :atellites, en supposant que les
valeurs de 1'eccentricité sont petites. La positicn de 1a lune est donnée par
1'inclinaison, le noeud, 1’'argument du périgée, la longitude vraie ( ou moyenne),
et son vecteur @ partir du centre de la terre. Nous pouvons ensuite appliquer
les résultats soit a une intégration numérique, en nous servant des coordonnées
de la lune données par les éphémérides, soit & une représentation analytique

en nous servant des résultats de la théorie lunaire, le mcuvement de la lune
étant représenté par une orbite elliptique rotatoire avec précession.
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HOHCHERT

3HAUEHUS JIYHHO-CONHEUH!IX BO3MYUeHU! INA 001X UJeHOB BOIMyLa=-
ome $yHKUMYU 6uny BuBerenw Hayna (1962). Ommnako B ero Hopuynax
MCTIONBb3YIOTCH OKBATODUARBHNE IJIeMEHTH A JViH If e I20TCA ONreio-

‘ JIGHHOTO AlTrOoPUTMA LIS LROBeneHls BuunciedHuit., CornacHo yrasaHiU s
Kozau (19G86), kax HaKkIoHe:Me, TaK Il y3en JYHHO:! Or&UTH CTHOCUTCIBHGC
3eMHOTO JKBATOPa He HEBAFKNTCS MNPCCTHMY CVHKUMAMU BDEMEHIM, B TO BLOLT

. KaK CTHOCHUTE/IbHO JKNUNTIKL Te Xe CaMue JNeMEeHTH XOPOoWO &NnnLOFCLNIi=—
POBAHY COOTBETCTBEJHO KCHCTAHTHON U JUHeLHON (YHKUWE! BpeMeHIl.

B mauwnoll pa6oTe Mi nOAyYYaeM BOTMYUAWUYK OYHKUUKL I8 AYHHEX BC3YMy-—
MeHV T, HCIONB3YR OJIBMEHTH SKIAUNTUKY OJ# JIYHH I SKBATCpUANbHHE
dfieMeHTH N9 CHYTHUKA. 2aTeM EBHULCIHITCH BEKOBHE, [OJTOBY SMOHHHA

I! KPDATKOBU:eMeHHre EPQO3Lyilewiis, NTirueM 11 B HAKIRCHeHU!N I© R JECUHEVT! [ -

ciiTeTe CINYTHIIKE BHDaXeHUs T4HE - e 3aMEHYTHID fL'Wv“. B patorte

1
; TaKkxe NpUuBEeIeHH albTerHTTIBHHE BHDAKOHUF U EDATHOBRDAMEHHMK
i
| BOOMYMOHUT CNYTHWKOR, +#aXONFEIXCi Ha BHCOKO.! Opri'Te, NPHUUEM
cpenayy IONyweHydA O TOM, UTO IKCUAHTPUCUTCT VMENT MAJlle 30aueH!;i.
[onowenne nyHu onpene.lsieTCs HAKJIOHEHUeM, Y3JIOM, AV TYMEHTOM mepurer,
geTunnol (nni crerHel!) HOATCTOY I PGIKYCOM=~BOKTOrON JIVHH OT LFHTTO
3eMIlit. 3aTeM MOJyueHHbe De3yNbISTH MH MO¥OM NDUMCHUTBH ONS YICneli-
HOTO UHTETrPKPOBEHNA, [ICTIONL3IYA HOODIIHATH NYHH 113 3anuceii ofiemepun
Ha JNeHTax, VAU OJIF AaHaANTHYECKOTC WONeJUPCEBAHWA, MCNONL3YA [ €3Yiib-
TaTe AYHHOT Tecpuu, npnuem IBUNEHI® NyHY HPeICTAERNCHO B RBUNE
) npeneccinyiciel # Rrarapmelcd 3ANUNTIUPGKOL OPOLTH.
P
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LUNAR PERTURBATIONS ON
ARTIFICIAL SATELLITES OF THE EARTH

Giorgio E. O. Giacaglia

1. ELEMENTS FOR THE MOON AND OTHER QUANTITIES

Let T be the time in centuries of 36525 ephemeris days from J.D. 2415020. 0.
The following values will be adopted:

Eccentricity of the Moon:

& 0.054900489

Inclination of the Mr-un:

I( = 5°8'43v427

sin (1(/2) = (. 044886967
Mass ratio, Moon to Earth:

m(/mg = 0.0123001
Mean equatorial parallax of the Moon:

= 57'2!'70
P

where

p([ = arc sin (ae/a()

Mean equatorial radius of the Earth:

ae = 6378160 in

a(( = perturbed semimajor axis of the Moon's orbit.

This work was supported in part by contract N00014-71-A~0110-0004 from the Office
of Naval Research, Mathematics Program, and in part by grant NGR 09-015-002
from the National Aeronautics and Space Administration,
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Mean motion in longitude of the Moon:

n = 13°10'341'889902 day~!
Mean anomaly of the Moon: g
3 !

2
M‘I = 36°55'161'80 + 1724878768053 T + 25!'61 1~ + 010438 T

Argument of Moon's perigee from ecliptic node:

w( = -25°40'13"60 + 14648522!'51 T - 3717 T2 - 010450 T3 .

Ecliptic lengitnde of Moon's ascending node:

Q( = 259°10'59'79 - 696291123 T + 748 T2 + 00080 T3

Obliquity of the ecliptic:

2

€=23°27'08V26 - 46345 T - (60059 T~ + 000181 T3

Explicit and precise variations of € in terms of the elements of the Moon and the Sun
are also available:
E= EO + Q+ dw

(e.g., Connaissance des Temjs, 1971).




2. THE DISTURBING FUNCTION

The disturbing function can be written as

Z ( ) e YRl ()

A

! where ' is the geocentric elongation of the satellite from the Moon.

The following size considerations apply:

! m
- ( 2 3 - 2 3
Gm<£ m( T g . (( 0.0123 ne & a, ,
also written as
Gm( = Ng ag - N(% ~ 1.59% 1072 rev? day-2

The satellite Keplerian negative energy is

F“na/z,

0

so that the relative size of the perturbing force function is given by

B 2,2
v= R/FO— 2 N(/n

For low satellites (T ~ 90 min), v~ 1.2X 107'. For high satellites (T =~ 24 h),

-0
v=3.18X 10"°. It follows that, in the above range of periods, for moderate eccen-
tricities, the dominant part of the disturbing function of a satellite is due to the Earth

oblateness (J,), and lunar perturbations are about second order with respect to this.

2)9
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Let a,6 and o', &’ be the right ascension and declination of the satellite and of
the Moon, respectively (in an equatorial system). Jt follows that

cos J’ = cos 6 cos &’ cos (a-a’) + sin & sin &’

Therefore,
R= ZN? a(%-l R @)
£=2
where
g+1
R, =a (—)‘( ) P, (cos ¥') , 3)

: or, making use of Legendre's addition theorem,

a
T i v , . =
o (> <1’() Z ‘m (!l+m)' Py (sin &) Py’ (sin §) cos ma-a’) ,
()
where
! € :{1 ’ m= 0
m 21 m+0
| Let
E
; a\1+l
b m_ ? - 1m)! m . y ,
3 Al —(r(/ (€ + m)! €n Py (sin &’) cos ma’ ,
» faNl+1
m _ (£ - m): m - " ;
1 B, = r(> (T ¢y P, (sind’) sinma’ . (5)
4




We can write

1
J/
_ (e m m . m, .
R!_a (a) E (Al cosm.u+B1 sin ma) Pl (sin 6)
m=0

Let

= w + 1= argument of latitude of satellite,
2 = longitude (equatorial) of node of satellite,

1= inclination of satellite to Earth equator.
By . onsidering the relations
cos (a-S)cosdb=cosv ,

sin(a - ) cos b6=sinvcosI ,

sin 6= sinv sinl ,

it follows that

) ) AT £ -m even
E)I DI I [ cos [(£ -2p) v + m@] +
a. 2mp ) le ¥ P
S0 EED £-4-m odd
£ -m even
Bl
AL sin [(£-2p)V + mQ}y ,
£y -m odd
where (Kaula, 1961)
-24 :
_ (24 -2i)! 2 f-m-2i
E mpa)_ il (£ -i)! (£ -m - 2i)! e s

xL( cos*IZ# LA () ek

6)

)

©)




and

a=[451], the mtegral part of (¢ -m)/2,

i=0,1,2,..., min (p,q),
i=0,,2,...,m,

k = all values for which the coefficient is not zero; that is, p~i = k.




3. ROTATION OF SPHERICAL HARMONICS FOR THE MOON

The spherical harmonics P;n (sin &) e @

the Moon's ecliptic latitude and longitude.

/
are expressed in terms of 6(( and e

The relations are given by

ia’
cos 8’e =cos 5, cosa

( (

+i(cos &, sina cos€—sin6( sin &) ,

( (

sin 8’ = cos &, sina, sin € + sin §, cos € . (10)

( ( (

From the well-known properties of spherical harmonics under rotation, we can write

m ima’ : m,r ,.r iro.(
3 ’ = ’ i ’
P! (sin &) e E a, Pl (sin 6() e

r=-f

where a;n’ ¥ is a function of € only, :nd

P, = (-1 ™ Gk P

Using the orthogonality conditions of spherical harmonics, we have

+m/2
oo T oy cos & db X
0 Im  (+r)! (G
.y
L ira
M, . . Ime’ . . C
Xf PIZ (sin &') e Pl (sin 6(() e da(
0

Introducing Equations (10) and computing the above integral, we find (see also Lee,
1971)




mr_{¢-1)! ifm-r)r/2 m,r .
o o © g (11)

where, for m+r =0,

m+r r-m e
U;n,rz (-l)l m (: f;n) (cos g) (sin %) X

XF(—I 4+, LErEl, m+r+is cos2 %) (12a)
and, for m+r=0,

f -m-7T m-T
o= ot o) o T i

2 €

XF(—I -r, L -r+1, -m~1r+1; cos 5) {12b)

In the above relations, F is the usual hypergeometric series |F , defined by

(), (B, 0
F(a,b, c;x) = Z .
n=0 =
where
(a)n= a(h+1) (a+2) ... (a+n-1) ,

(@ =1

In both cases, U;n‘ T is a polynomial in sin £/2, cos €/2 since at least one of the

parameters a,b is negative, and the above series terminate. The distinction of the

c.>es m+T1 2 C is necessary to avoid a singularity in F due to a negative value of o.

Considering this fact, another possible form for U;n’ r’ valid in any case, is found

o
; to be

N P YT
o o}




m+7r m +r
um - T o B (n E T LD o me gt g

where z = cosz(€/2).

Now, let =

o AT _ T, T

_ Ty, T
’ + (=)' U, ,

m,r _ .mr T . m-T -
2B£ Ul (-1 Ul c (14)

It follows that, for m even,

£+1 1\
A;n=(:()+ _('%_n-l)_‘_}_‘_z £ ~1)! € A ,rPr (smo()cos[<a(+;>] 1
r=

£1+1
B;n=(:> ((ll)+n1), Z (£ ~-1)! -rB m,T pf (siné(() sin [I‘(a(+-12£>] ,

¢
(15a)
and, for m odd,
. £+1 = 1)m+1
m._ _(‘ m 1 r, . . m
Ag “(r’{) (1+m), v (£-1)0 e € Be BB Pl (sin 6(() sin [r(a( = .Z.)] :

£
B;n =<:(() ((j)ﬂn)fn Z (L-1)lc¢ m r Pr (sin 6 ) cos [r(a( = %)] g

r=0




Making use of relations (7) for the Moon, we find that, for m even:

2+1 m 1 1
a (-1)" e
m: /—i _—n—l . ' m,r Q 4
Ay \r() (€ +m)! Z (t-1)tep Ay7 Z Fprp @0 €0 Oppr
r=0 p=
! £2+1 m b4 £
1 a ( l) €
i m: -i -———.—m = ] m,r 3
BI (r(> @+ m)! Z (2 -r)! & B! 2 F!rp (I() sin eépr ,
r=0 p=0
(16)
and, for in odd:
2+1 m+1 4 £
a (-1) €
. m_{[ m L m,r ’
A (r) e Z (t-1) e By E F,,. ()sing
; . r=0 p=U
{
: 2+1 m 1 ?
d (-l) €
m _ i\ m Z m,r
B = -71)! ?
l (r((} l .}.m)! (Z r) € Al Z F!rp (I() COoS eép ’
r=0 p:O
(17)
where
(18)

ro= - b/
elpr (£ 2p)v(+r($2q+2)

and the functions F rp (I(() are defined by Equation (9).

Finally, the function Rl can be written, with Equations (8), (14), (16), and (17)
taken into account:

m - a\?
€m es(l s)!

. _‘k!+l £ L L i (
R, = o 2) (r) > }: 22 T Fomp © Frsq

- - = 4 mn, S -0’
X [( 1) 7 cos (Olpm + elqs) +U,?" cos (e!.pm Olqsil p

(19)

elpm= (£ -2p) v+ mi2 . (20)

10
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4. SECULAR AND LONG-PERIOD TERMS OF THE DISTURBING FUNCTION

If we assume that no resonance occurs btetween the orbital metion of the satellite
and that of the Moon — that is, pn + p’nq is not small for small intergers p,p’ not
simultaneously zero — then the elimination of short-period terms (depending on the
mean anomaly of the satellite, M) from the disturbing function can be obtained by
making use of the well-known integrals

2w p
z—le( (ﬁ) sin (¢ -2p)f dM=0

0

o { £-1 {-1
a4 r _ _ 2.-k - y2-2p o _ 28 s

(21)

In the above relations,

-1
[3=e(1+ ‘/l—e2> (22)

and the X's are Hansen's coefficients (e.g., see Plummer, 1960, p. 45) and the H's are

Kaula's coefficients (Kaula, 1961). They are defined by, for 2p-£ > 0,

-t e\ L, Con .2
Hzp(Zp-!Z) (-B) (2p-z/ F(-0-1, 2p-20 -1, 2p-£;8") (23)

and, for 20 -£=< 0,

o ad-2pf2e-2pe N o2
Hypep-1)= & (1-zp >F(l 1, -2p-1, £-2p+ ;8% . (24)

11

o x




In both cases, they are polynomials in . The distinction again is necessary in order
to avoid fingular representation.

i'he long-period and secular part of the function Rl is then found to be

=t £ Lt )M e e (t-8)
AR EDIDIDD T Fimp O Fyaq 00

2-1-1 _l+m-3._m,-8 e ’
X @1+37) Hlp(zp_!) B) [( 1) UI coS (elpm + elqs) +
m, s = ot
+ Ul ’" cos (elpm etqs)] " (25)
where
B, =(-2)w+mQ . (26)

£pm

12




5. SECULAR AND LCONG-PERIOD LINEAR PERTURBATIONS

The I.agrange planetary equations can be written as

da_ 2 2R
dt na oM °

g1_= cot 1 _cosecl
dt 2 ‘/—-— au 2 '/——— 39 i
2
dM_  _1-¢" R _ 2 @R
dt 2 9 naoa °’
na ¢
d_(.s): | T2 COt I Q—R— 4 a_I"
dt 9 — dl 2 o ?
2 na e
na l-e
d2 cosec 1 oR .
== ——ar - 27)
2 2
na l-e

where n = pl/ 2 3-3/ 2 it it appears outside trigonometric functions and

= = 18R
M—0+fndt---o~3f<J’ 7 oM dt)dt . {(28)

In the above relation, ¢ contains all perturbaiions defined in the fourth equation
of (27). The last term of Equation (28) contains only short-period terms and will not

be considered in this section.

13




Now, the function

- 2 2-4 =
R—Z N( a( Rl (29)
1=2

does not depend on M and is an explicit function of time only through r , and Q

C ¢ ¢

considering 1

(

an € constants, which is a good approximation.

The integration of the pertinent equations can be performed mumerically by us...z
as input lunar ecliptic coordinates — or, for that matter, equatorial coordinates —
stored in tapes. This wili produce precise evaluation of the true lunar motion. How-
ever, such a method can be very expensive in time. A good approximation can be
C e(, ¢ Ce and Q( linear
fr .ctions of time, as given in Section 1, neglecting accelerations of these elements.

obtained by considering I o and € fixed values and M

£1S0, an expansion in power series of e, will converge rapidly owing to the small

(
value of this eccentricity.

Along these lines, we can consider the expansious

2+1 .
) Emleram 3 ougveo Eiend -

=woo

where the G's are Kaula's (1961) cceificients, which in turn can L2 written as Hansen's

coefficients
n L (), 1-2q
Syar ™ Xpiog+k 31
! and
g _ . T
Bpqek= (€ ~2) v *+ (£ -2q+K) M((+s(§2<( +3) (32)

14
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B L=l AT

We also remark that thk = O(e('tk!). These functions are given by

Gyqlep) = L+ 8D ZJ -2a+ie | Xtob 1M (33)

]-—-co

where the Jj(x) are Bessel functions with the usual definition

j+2s

3 = Z( L) (34)

(i+s)! s
Also, for k-j-m = 0,

m k-j- £+1~ . : 2
X}i:) = (_p() I-m (k-j_:nn) F(k-]-l-l,-m-l—l,k-—]-m+l;ﬁ(:) (35)

and, for k-j-m = 0,

m _ ~k+j+m (£ +1+m . . a2
xlrm_ (_p() (-k+j+m) F(-k+j-£-1,m-2-1,-k+j+ m+1,l3()

(36)

Here again, the hpergeometric series terminate; that is, they are polynomials.
However, the G's are infinite series that converge for all ei < 1, although for large

e(( the convergence is slow.

It follows that

¥l ¢ { o
Z .O:Z Z Z . (finm)sl. !mpa) lsq

m=

<
1]

(Eq. cont. on next page)



1

2.-f -
X189 T Hyy o0 g B) Gyple) X
{+m-g._m, -8 - * m,s y
X [(_1) Ul 17% cos (elpm+ etqsk) + U! ?" cos tpm ~ etqsk)]

@7

In the foregoing expressions, the U's are functions of £ only and, therefore, supposed

to be constant.

The following particular terms will be defined:

€_(L-8)

€
= _pm_m s
Rzmquk—( b (¢ + m)! F!sqaq) quk(e(()x

1

o g TR, O @)X

w [ l+m=-8_ m, -8 .+ m,s .- ]__:
A [( 1) Ul CI mspgk i Ul Cl mspgk
_ _+m-s m,-8 .+ MMy 8 = ]
- q’l mquk(a’ & E 1) U! ’ Cf mspgk * U! C! raspgk] °?
(38)
where the definition of <I>I mspak is obvious and
* = cos (B 0, 39
Clmquk— cos ( fpm = lqsk) (39)
The following quantities will also be useful:
] 3 "
: Sltmquk = sin (elpm * ez qsk) 2 (40)
3

16




+ . . . . .
D!mquk: £-2p) w+ mQ+ [(1 -2q) ©e + (£ -2gq+k) M( + sﬂ(] 3 (41)

and

+ - +
f ¢ mspgk L Sjmquk/D f{mspgk (42)

In the above relations, we are using the secular rates of the Moon's motion as given
in Section 1 and, for the satellite, as given by the even zonal-harmonics coefficients.

The dominant terms follow:

2
.35 (%) 1-5cos’s
R L ’

(1-e?)?
2
N (ie) _cosI_
g 59
272 \a (l_ez)“
2
a 2
. 3 e -1+ 3 cos”I
M=n[l+—J (——) e ] . (43)
1°2\a) " 232

The relation between a and n is the perturbed Kepler law

2 9
a ~d
2 3_ 3 el 1-3cos™I
na = Gme \:l + 1 J2 (—-8) -(1___8'2—)375] . (44)
Now, let & 6, Q be the linear long-period and secular perturba-

i elmquk’ T 71 Y mspgk
tions that are obtaine« “rom Equations (27), integrating the right-hand members

» . 2 2-4—= X o i _
(a, e, I fixed) and substitu. ng N{ a( R ¢ mspak for R. The partial derivatives enter
ing Lagrange's Equations (£7) are given by

; 8R
3 2mspgk _ _ i Fmas  m, -8 gt m, s -
dw (bl ms‘;qk(zp £) =1 Ul sz mspqk * LJZ Sl mspgk | °

(45)
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Lmspgk _ _+m-8,m,-8 + m, 8 o=
——tb!mqukm(l) AP +U,”" 8 k|l »

oQ “tmspak T 2 tmspq
(46)
3R
!msmk= 2 R (a7)
oa a “fmspgk '’ '
3R
Lmepgk ¥ Ly, (48)
ol fmspgk " L mp 1 mp
and
fﬁlmgmk = HE
% Rymspak [Hlp(Zp - 1p(2p-£)] ’ (49)
where, if only terms with positive powers are considered,
. 2i~2¢ :
1 _ (24 ~2i)! 2 . 2-m-2i-1
Frmp® =2, T -0 f-m-21 o L
i
\Y =
X Z(r?) [(l - m -2i) cos> I - i sin’ I] cos’ 11X
i
, f-m-~2i+j m-j k-~-q
*Z( k )(p-i-k) ) ’ (50)
k

with the same summation conveutions of Equation (9): for 2p-£> 0,

P N - B i L
Sapep-0” = {[‘2" DB 1+a2] 1pep-1) *
e Vi-&° ° §

T L e i R e R O R R 1;52)}

(51)
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and, for 2p-£=0,

<€ -_ B 1 1+1
“pep-0) {ﬁ"z")ﬁ‘ 2] rpep-0) -

- o1plypyt PP ) LN gy —2p+2;52)} .

£-2p £-2p+2
(52)
The foliowing definitions are introduced:
€ e (£-s)
= R e —
?ymspgk - 1 armr Tasq T Gk €0
Vi 2,2 -1
Xa (14877 T F O H o0 0 ® (53)
e _ e
®, mspak q’!mquk H=H} , (54)
& =& F —F! (55
Imspgk {mspgk ( ) 5)
- opftm-s. m,-s .+ m,s .-
Cllmquk = U! C!mquk+ U! CImquk ? (56)
w — s o | T =8 My =8 L+ + _
Clmquk— =2y [( b U C!mquk/Dﬂ_ nmspgk :
m,s .- - -
¥ UE Cﬂmquk/ Dlmquk] ? (57)
‘ 2 - _ptm-s. .m-s .+ +
"L C!mquk m[( 2 U! C/stqu//Dl mspgk <
7} m) S E " [=4
B Uf Cﬂ mquk/Dl mquk] : ¢28)
19
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l+m-sUm,-s+
1 1 mspgk/ “f mspgk £

S m

¢t mspgk -1)

Thus, we can write

f aRl mspqk dt
ow

— w
=%, mspak Clmquk ’
aﬁl mspgk 2
~—LISPAK =& c ,
o fmspgk ~2mspqgk

oR
f 2 mspqgk =L 4 S .
da a  fmspgk {mspgk

&R ;
f —LmEpe 4t = §© S ,
oe £rmspgk 2mspgk

oR
f £ mspgk Gi= q)I S
al £mspgk £ mspgk

The above integrals are not valid if the integers

£-2p, £-2q+k, £-2q, m, S

are simultaneously zero; that is, we must exclude the cases

2p=1=even=2y ,

2q=1=even= 2y ,

k=10

S D' +y™

B

5y

mquk/ Dl mspgk

(59)

(60)




They correspond to secular perturbations and, in this case,

aR
2Y,9,0,v,Y,0 = 2Y,0,0,v;Y, 0 =0
ow o

aR

In order to evaluate the other three integrals, we must consider ({ = even= 2y):

I - (4y - 21)! 2% 4y (2y - 2%) 2y-2i-1
FZY, O,Y(I) : it 2y - 1)! 2y - 21)! S Icosl , (61)
i=0
2y+1
5 N (2y-D (2Y-Dp o
By yy0 FOBY -1 2y =1, 169 = 3 w0 B, (62)
n=0
and
2v+1
Hy S f e A g°" (63)
2Y,Y, 0 5 W - )t :
evVl-e n=1
Therefore,

oR -
2Y,0,0,v,v,0 =&Y ﬁ'

o2 a "2y,0,0,y,y,0
9R
2\{1030’Y1Y,0=ﬁ (F —’FI )
al 2y,0,0,v,v,0 ¥ 2y,0,y 2y, 0,y Z

oR
2Ys 0) 0) Y2 Y 0 - E (H _1 He )
oe 2v,0,0,v,v,0 " 2y,v,0 2v,v,0

The long-period perturbations are given (excluding cases (60)) by




= _ 2-1 @
5 € mspck ~ ¢ ¥ N nale 2, mspgk ¢ mspgk/ ?
2-1 1
1 Ty mepak = N¢ % 2 (cotIC 4 mspak cosecICl quk)x
na 1- e
. q;! mspgk ’
= 2 2.9 1 | 1-€ .e \
5 Mlmquk= h( 3 ;;5 = ¥ mspgk 2 % mspak, S mspgk ’
5 _N2 a2-£ 1 [ _cotl !1+e2 e S
1 %msprk” ¢ nal ‘/—2 fmquk e ¢mspak] "1 mspgk
N2 .2-2 _cosecl
1 "¢mspk ¢ ¢ ' (€4)

2 ‘/——- lmquk lmquk

The secular perturbations are given by

2
_2y_l__[l-e R O(H—’He)+

6, M =
1 naz € 2v,0,0,v,v,

-N2 a2
2y,0,0,v,Y,0 ¢ ¢
+4y R ]t
M 2y,0,0,v,Y,0 4

- 2 2-2y 1 _cotl R I
6 =N, a e F—TF7) +
lsz’O,O’Y’Y’O C« 2 [ ‘/ > 2Y’0 O;Y’Y;O( )

Vi-e? 5 Omaf%,

+

€ 2y, 0,0,v, Y,

(Eq. cont. on next page)




5 -2y cosecl [—ﬁ FI)] ¢ .

- 2 2
Q =N, a -
1"2y,0,0,v,Y,0 «q 2‘/i_—2 2Y)090,Y,Y,c ®
na -€
(65)
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6. SECULAR AND LONG-PERIOD SECOND-ORDER PERTURBATIONS

In a second-order evaluation, that is, if terms of the oraer J ZNéaé ~4 are con-
sidered, it will be necessary to take into account the secular changes in M, w, Q2 owing
to J2. Such changes produce the largest higher order perturbations since they produce
amplitudes that increase linearly with time. Let 6, M, &, &, and &, & be these

perturbations. Taking into account only secular coefficients and noting that 61 a=0,

we hove
d — M. - M. -
G@ M= 5= 8 e+q 61,
d __80'.; - dw,g T
&(62Q~§6le+7611 ,

By considering Equations (43), we find that

— 2 . _
g—(ﬁ ﬁ)=3e‘l-e2-l—:—3—c—°il o6 e+3V-esiniqs, 1 ,
dt ‘"2 1 1
1-5cos1

d ~= 48 e oG s &=
&(SZQ--l-ezw616+5§2$1n1611 s

%(625)=1462 Q6 e-Qtan1s T (66)
-e

where, again, o, Q are given by Equations (43). It follows that
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2 , _

5, M=30Y1-¢2 L3081 /' s Sat+3¥1-0%Qsinl |6 Tat |,

2 ) 1 1
1-5ces’]

&,fbladn Sﬁsinl“‘blfdt ,

5. 0=_de éfclzsdt-s'ztanlfaifdt : 67)

Secular accelerations do not exist, since €, T have only long-period terms.
Therefore, conditions (60) have to be excluded. If we ccnsider the first two Equations
of (64), it fcllows that

W oW
J- ¢ mspqk dt = B mspgk

Q 8
,[Clmqukdt—slmquk ’

where

f+m-58 . .m,-8 .+

w - + 2
S! mspqk I:(' 1) Ul Sl mquk/ (Df mquk) *

m,s .- - 2
+U,° Slmquk/ (Dlmquk):l 2800

Q s | p bR 81 2Ty, <8) o * 2
Sz mspgk I:( 1) Yy Sz mquk/ (Df mquk) a
m,s .- - 2
* UE ’ Sz mquk/ (Dt mquk)] m (68)

e Shal AN



It follows that

2
5 N2a2-l 3¥l-e 1-00082[ l-e2 cos | al x
2 g imepgk «q na2 1-500821 2
l-e
2 2-1 3 - 2
><(I’lmquk Slmquk (( ( _n:igélmquk Slmquk 2
- 2 2-1 1 ) : . =
62 %y mepqk C a(( -———2 - (~-4dw+5Qcos i) ‘blmquk Slmsp.]k -
na” yl-e
S Y S 1+ B e
€ ¢ vr——— fmspgk fmspgk ?
l-e

2 5§.2 ® g® +

¢ Imspqk £ mspgk
na2 Vl—e2

- Q Q2 secl

2
s
C 2 '/—— /stqu £ mspgk

(69)

The total long-period and secular perturbations, including leading coupling terms with

J,, are finally obtained by

2’

8E=6, 8+ 8,8 , +o- , 2=0869 + §,Q

Obviously, the above relations are not valid for cases of critical inclination or satel-

lites whose periods are commensurable with the rotation period (24 h) of the Earth.




7. COMPUTATIONAL PROCEDURE FOR LONG-PERIOD
AND SECULAR PERTURBATIONS

In short, to obtain long-period and secular perturbations due to a term -ﬁzm spak
(Eq. 38), we proceed as follows:

7.1 Long-Period Perturbations

- Compute, given means elements a, e, I, e

2-14
1) N(% a(

2) B (22)

€ and J,:

¢ le 2

3) Froq 00 @
9 Fp o0 O

5) Gy (€() (33), (34), (35), or (36)

6) Hypon_g) (B (23) or (24)

) ) spak O3

m, -8 m

8) U . Uz 28 (12a) or (12b) (€ from Section 1)

£
9) w, 2(43)

10) fpm

(26)
11) wg, M, 9 (Section 1)

*
12) 8, (32)

&
£mspgk

13) C (39)

14) Sfmquk (40)

R S SRS s
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15) &,(, s'z(, Lh( (Section 1)
16) , 9 M (43)

17) Df . 4D

18) Fi g 6D

19) Hf _g) (8 or (52)
e

20) &, ook 54

; (55)

2l Ql mspgk

22 Clmquk (36)

23) S, gk 59

©
24) €y ek 67

“ (58)

25) Cz mspgk

«%) S:) mspgk (68)
27) s?ms e ()
28) 61 (element) £ mspak (64)
29) 62 (element) 1 mspak ("9)
30) & (element) = 61 (element) + 62 (element)

Complete long-period perturbations.

7.2 Secular Perturbations (£ even= 2y)

B

g

Given a, e, I, ee I(, €, B (mean values):

D Fy o 00 ©

2) F @ )

2y, 0,y
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3)
4)
%)
6)

7)

8 R

9

10)

11) R

12) R

13)

GZY’ 0,0 (e() (33), (34), (35)’ or (36)

Hy o o ® 62

0,0
Uy, (12b)

d (53
2y,0,0,v,Y,0 ° )

C

+
2y,0,0,v,v, 0

2y,0,0,v, v, 0 38)

1
1
Foy,0,y @ € )

Hy y,0 ®) 63)

= I
2v,0,0,v,Y,0 (F—~T7) (38)

2y,0,0,v,v, 0 (H— He) 5)

) 1 (element, secular) (65)

Complete secular perturbatious.
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8. SHORT-PERIOD PERTURBATIONS OF LOW SATELLITES

During a few ruvolutions of the satellite, where short-period variations are of
interest, the position of the Moon and w, 2 change little for low sateilites. Then, as
Kozai (1966) suggested, we can consider the elements of the Moon, w and @, fixed when
performing the integrations. In this case, the appropriate expression for Rl is given
in Equation (8), since here it is immaterial what frame of reference is being used for

the coordinates of the Moon. The particular term R ¢ will be written as

{ {
£
=q! (T m ,
Rl a (a.) Z Z Flmpa){cl cos [(£ -2p)v + m(] +
m=0 p=0
m .
+8," sin [(¢ -2p)v + mQ}} (70)
where
= ‘A;n 3 £ -m even
CZ =‘ m
-Bf - £-modd
5 ‘B;“ 5 £ -m even
S! =

eA;n £-modd . (71)

H

The coefficients C's and S's depend only on the Moon (5). The values of ri, v/, and
Q’, given mean elements s € I(, €, and the time T, can be computed by consider-
A

ing w,, M(, and 2, (Section 1), then solving Kepler's equation
« {

— - 3 7
Mq = E!( e‘i sin E( 3 (72)

computing { c from
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f l+e E
tan S =4/ 7% tan L, (73)
—e( 2
computing
r( = a( (l—e( cos E()

V=f 1T W Y

« € (¢

computing o 6( from Equations (7), and finally a’, &’ from Equations (10).

Let
R, =al (5)1 F,_ @€ coso, +STsing, ) (74)
{1 mp a £mp { fpm  { fpm’ ?
where
8pm = -2p)v + mQ
The following relations are easily established:
8R
—fmp_1 .
da a Rz mp °’ (75)
oR, mp e2-1 1ay2 1/a
e L@ ('f) Rzmp+13 T lep

£-1
£y m .
t@-)a (7)) Fyp (0, sing, 4

£ 2

m c r 1
+8 cosezpm)smf (1+5- 1-e> ; (76)
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3R !
dmp _ £ /r\ I m m
x4 (3) Fymp® (¢}’ cos O pm * S, sin elpm) ’ @

I — .
where T fmp (T) is given by Equation {50);

oR L
~fmp_ ., _ £/r _em . m 5
ETR it -2p) a (a) Flmpa)(cl smelpm+sl cos elpm) 3 (78)
oR 4
2mp _ £/ ~m m .
pre) ma (a) F!mpm(cl Sme!pn1+si oS elpm) 5 (79)
and
oR
4mp _ e a .
M =1 > T R!mp sinf +
l-e
+ (£ - 2p) al Vl-e2 (2)1-2 (—Cm sin 6 + 8™ cos 6 F (Y
a ¢ 5 {pm f lpm) £mp
(80)

For short-period perturbations, we make use of Lagrange's equations (27) where R
is substituted by

2
R =R-—1_f RdM (81)
0

und integration is carried on with respect to dt = dM/n, considering all other angles

and actions to be constant.

The computation of the average of R with respect to M involves the following

integrals:




= p-1
£ p—_l E B i - i =
2 -2“f a) sin (£ - 2p)f sin f dM
0

_ 2-0 (1 4-1,0-2p-1_1 —1,1-2p+l>
= (1+87) <2Xf),o 2Xf),o ,

and

2
f
15 =§1-f (:) sin (£ -2p)f sin f dM =
0

2.1 - 1(1 (-2p-1_14 1—2p+l)
= (1+ X -=X’
SR 2 20,0 2 %0, 0 )

where Xlg’ i) (8) is Hansen's coefficient defined by Equation (23) or (24).
b4

It follows that, by defining

S P . m =

Slpm_ 7 sme,me"LS!Z cos e;zpm 3
and

= _ ol - s .

Clpm C:Z cos ezpm* Sl smelme 3

where Efpm is given by Equation (26), we have
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(84)

(89)

(86)

(87)

(88)
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2 1 =
15111 sz—f——ldm—u - 2p) o’ F, a)I"p Sypm (89)
2m 3R
@ L WP iy=maf £,pg
Ilmp'Zw on @~ o Flmpa)ll Slpm ) (90)
0
2 3R
4 _1 £ mp e -1 1 D
Yymp =37 o M= aFy @ Coom
[
l Ji4 E,p— _ 1Y
tega Fyo 1T Cp - 2p)a’ F, @MI7Cp
- (¢-2p)a r,__@iPE 1)
1-e2 Lmp 5 fpm ’
27 &R
(5) ___1_f m _ £l 4,p \
L mp = 37 —'Baa aM=20a " F,  @OIPTC (92)
0
and
2 9R
6 __1 £ mp _ 41 £,p=
Ilmp‘er d M= 8 Flmpa)ll’ CEpm ) ()
0
Now it is necessary to evaluate, in closed form, integrals of the type
B vig =5 = f@)p % am (94)
rd oo B o '
for = 0,1,2,...,p+1landp=0,1,2,... . Introducing dM = (r/a) dE, we ¢tain
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Jpqu(?i)P+l ¢t aE

where

1 1
(—Z-.)W = (1-e cos E)m ’

i q
equ = (%) [(cos E-¢) + in sin E]q s

n= Vl"ez ’ i'—‘\/'-I

Therefore,

p+l-q
thff@ [(cos E-e) + in sinE]qu

with
p+l-q=0
It is easily found that

p+l
E % Fogy(©) (610 YE - i €08 YE) + K@ E (95)

=—p—1
o0

J =
rd
Y
where

 EEE e ) 02

2

e2k+q—a (1+n)a-—k-s (1'n)s , (96)

:
i X
|
;




in which

a=n', ly|+2, lyj+4, ..., porp+1 ,

o~ a -
k=¢1,2,..., 55X

§=0,4,2,...,a-k

Thus,

pt+l

R _ | /WP B 1 .
Jpq =I (Z) cos qf dM = Z = quy siny E + quO E (97)
y=-p-1
(y#0)

and

p+l

‘]lpqu (—E)psiandM=- Z -\I?quycosxfE ! (98)

y=-p-1
(y%0)

The following integrals are then established:

R
Almp _ f_tmp g, L 0 _ e I

I _
- +
1 5 3 8 > Famp @ [(Jl-.l,!l-Zp-l J1-1,£-2p+1)clpm
l-e
R R = ' 5
- . Vi-& rF X
+ (9} ~1,1-2p-1 Jz-1,1—2p+1)szpm]+“ 2By ¢ Fimp®
I = R -
A 5 99
X(J1—2,1-2pclpm+J£-2,1-2p lpm) ’ (99)
Almp=ﬁﬂﬂﬂ amM=(¢-2p)a' F, (-} T +JB 5 )
2 - ow fmp 2,1 -2p fpm £,2-2p 4pm/ ?

(100)
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aR
lmp=f__ly.ln el 1 Rz
A3 ) Q2 d=ma Flmpa) (-Jl,l-ZpEIpm+Jl,l-2pS£pm) !

(101)

2
tmp =f__n;e : 8
A4 = dM=1¢ a e lmp @ (JR 2,2-2p lpm Jl -2,1-2p Slpm) ¥

i e? F!mpa) (Jl -1,2-2p Clpm+ Jl -1,2-2p Slpm)

1 R JR )—

28 Fprp® ['(Jf-l,z-Zp-l' 1-1,2-2p+1 Copm ©

(XIS

1 <
“(Jz -1,-2p-1" Ji -1,2-2p+ 1) bzpm] ¥

10 1 [_ R =
tga 1 3 2p)Flmpa) (JI,I-Zp-l-J?,l-2p+l)clpm+

1 1 =

+(Jz,z-2p-1'Jz,z -2p+l)S£pm] )
(102)

Almp=f?§-!£12dM=lal'l (1)( c, +3 5, )

5 7 oa ' 11 -2p me £2,£-2p 4pm/ ?
(103)

gac aR
impzj £mp = ok ol R - 1 =

A6 - ol aa=id ITlmpm(Jl,l-ZpCIpm‘}‘Jl,£-2pslpm) SR

Now, if we make use of Lagrange's equations and consider Equation (8 1), the
short-period perturbations due to a term Rl mp are given by

2 2-
A2y mp = Ne % T

(Eq. cont. on next page)
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Y
P
B
bt
%
A

2
N a
= 2 4mp Ifmp _(2)
ae, =53 V [V A, - (A, “LooM

2 2-14

N
Al = —;(z—ag——z cosec I [(Aémp - lﬁzlp “) cosI - (Az & Igsn)ﬂp M)]

am, = -5 L a-ef) (al"P - (ﬂp M) + 2ae (a1 1(5)pM)]+ A'M

Al =l [-ecotl(A‘mp-If) M)+ (1- e)(Almp 1 m

f£mp 6 £mp
n2a2e V 1- e2

Ng az'l cosec I tmp (6)
a, = ¥ - (g Lo M) , (105)
na l-¢
where
2 2-4
3N, a
' T £mp
amM, =% f AT am (106)

remains to be evaluated. This last involves the evaluation of the integral

Loy prqu=prq (1-e cosE)dE=L§q+iL;q

It is readily found that

R B E2
— =l = -L 3 ¢ — -
L —fJ dM = E 2K YcosyE+k 02

y=-p-1
(y#0)

it

(Eq. cont. on next page)

fmp °
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p+l
e 1
quo(EsinE+cosE)+§ z -ﬂY—+l—)-quycos(y+l)E+

=_p..l
(Y*O)Y#'l)
p+l
+2 Z e cos (y-1)E , (107)
2 Y- “pay
Y:—-p_
(v#0, v#1)
and
p+l
Ll =JJI dM= - Z Ak sinyE+&8® . -K )E +
pq pq Y2 Pay 2 "'pql  “'p,q,-1
y=-p-1 .
(y#0)
p+l p+l
e 1 : e 1 .
+= — K sin (y+1)E + = Z sn -1)E
4 z YorD Cpay SR OTDETR =1 Kpay 2 v 1)
y=-p-1 y=-p-1
(v#0, y#-1) (v20, y#1)
(108)
Therefore,
1-2
; __3.2 2-1 L2 e [
AMymp™ =2 Ne % 2 -+ wp® (L1, g 2p1 -
n l-e
I = R R \ ==
“Ly_1,0-2p+ ) Cppom* [y L,1-2p-1" Y- 1,0 -2p+ 1) Slpm]
2-2
4 2 2-4 2 R <
¢ ) 3N(( ( Fy mp @ (Ll -2,4-2p Slpm
E
S _ 1! c, ). (109)
/ £-2,2-2p fpm
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9. COMPUTATIONAL PROCEDURE FOR SHORT-PERIOD PERTURBATIONS
OF LOW SATELLITES

Corresponding to a particular term R (Eq. 74), the short-period perturbations

{mp
((, w, Q2 fixed) are computed as follows.

Given mean elements a, e, I, e and &€, we compute

C (r!

2 2-4
1) N( a(

2) B (22)

3) Given M(, compute E(, f(

4) Given ©e Q(, and a(, compute r(, Ve
5) agy 8 (7)

6) a’, & (10)

» COS
7) P, (sin &) (o> m¥’
m m
8 A, B (5)
m m
9 C,, 8, (1)

10) Given M, w, and 2, compute E

11) 8, (26)

me

12) Ty oo Spom 87 (88)

13) Flm M ©)

14) F, @) (50)

Imp

15) X' (@) (23) or (21)

N P S TP
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o M e M e A5 St

- e

k )

1 1-2p

2 1-2p
&l 1-2p

1

i

= 1-2p-1
1-2p+1
2 1-2p-1
£

£-2p+1

> o m =

16) quy (e) (96), y= -p-1,-p,...,p,p+1

_E_ q
2-1 £-2p-1
£-1 £-2p+1
L-2 £-2p
2 £-2p
L-1 £-2p
I3 £-2p-1
! £-2p+1

17) 1979, 0P, ..., 1L'P (82) through (86)

18) 1) . i 5 s 1561311) (89) through (93)

19) J'l;q, J;q (97), (98) (same range for p,q as in (15))

20) AP, ASTP, ., AL (99) through (104)

R I
21) Loy Lpg (107), (108)

p q
-1 2-2p-1
2-1 2-2p+1
£-2 £-2p




14
22) A'M, - (109)

23) Ay ocs A%y (105)
Short-period perturbations completed.
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10. SHORT-PERIOD PERTURBATIONS OF HIGH SATELLITES
WITH SMALL ECCENTRICITY

When the satellite is high, for example, close to a 24-h period, the Moon can no
longer be considered fixed during a few revolutions of the satellite. Here we consider
also the variations of w, 2, in contrast to what we have done in Section 8. In this
case, the integrals found in that section have to take these variations into account.
This can be done only if the eccentricity of the satellite is small so that power series
in e will converge rapidly. Thus, the disturbing function obtained in Equation (19)
has to be developed in terras of M, M ¢

The following expansions are well known:

2+1

a si

q sin [ Z sin ¢

<r( cos |€-20v  +s Q + ) k€0 oos gsqx ¢ (110
and

r sin

(3) SIn g - 2p)v + me) = Z Hy oo (@) o Oy s (111

J—-—OO

where

C . g, Y L

Opsq™ =20 g + ¢ 2q+k)M(+s(Q((+2) , (112)

Oympy= € ~2P)w + (€ -2p+ )M+ m2 (113)

and Hﬂpj (e) are Kaula's (1962) coefficients. These can also be written in terms o2

Hansen's coefficients by

5@ =X )

Preceding page blank  ¢7

-



The coefficients G ) have been defined in Equations (33), (34), and (35) or (36).

qk ¢

The classical expressions for Kaula's coefficients are (e.g, Plummer, 1960, p. 45):

L-1
Hy@= s 3 sie-zprpel P coelh e

iz-o0

where J i(x) are the usual Bessel functions and xf(' (B) are given in terms of hyper-
geometric series (which always terminate), as follows: fork-i-m = v,

x{s’;’% pF M (A P ieg- L mot -1, k- -me 18D

k-i-m .
(115)
and, for k-i-m= 0,
m_ -k+1+m £+1+m : . a2
xf( (AP ™) Pkri-g -1, m-g -1, ~k+i+m+ 1;p%)
(116)

It follows that

where

-

Fymp ® Fpoq 00 X

(Eq. cont. on next page)
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£+m-s.m,-8

U

X Gy gy () Hyps @) [(-1) 7 % cos (0

m, s _aC
+ U!Z cos (elmpj el qu)]

In what follows, it will be clear that we should have
£-2n+3=20

We can make use of the fact that

aF(a,;)xI c;X) _ ab F(a+1l, b+1, c+1;x)
c

and

1- k ’ 3
M e 3 [Ji_l(ke) - Ji+l(ke):]| Xf;,;n: +

2
+ :J.(ke) lez,¥n+ eyl-e % [Ji_l(ke) - Ji+l(ke)] )Cf;:

where, for i<«<-m,
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m|

H

+

(117)

’
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TR T,

axfgm
IRk RERIT

k-i-m+1 /4+1-m
(ki 2m) ¥
x At UEmot=D e 5y om-g, k-i-m+2;p0 (119)

k-i-m+1

and, fori =zk-m,

' 2% 1" 1 k
il Sl ki lgy,m o o -k+i+m+l 4+1-m
2y =T (pealtem) ﬁx'll(,i 2(-8) G s

k+i-f - 1)(m-2- .
x4 H-l{l«‘-i+)g?+11 . F(-k+i-f, m-1, -k+i+m+2;p2) - (120)
Finally,
oH, B ghl-2
S b T A
N!pj‘ de 5 £-2p4; (121)
e¥l-e

Let us consider the definitions

+ = -9 e = . y G = . , . 3 .
Dy mspakj = (£ -2p)w + (£ -2p+)) M+ mQ + (£ -29) 0 + (£ 2q+k) M + 89
(122)

and

= (£-2D)& + (£ -2p+j) M + mQ - (¢ -2q) o - (1-2q+k)1€1( - sy,

Dl mspakj
(123)
We easily establish that
() _ f %R mspqki o
®gmspakj oM
m, s m, S o Jy=
\Uz P80y S -2+ 3)/DY s [
= R!mqukj ) m,-s . m,-S + ' (124)
A : ] . sl - Y
U! U! T 2p+3)/Dtmqukjs
50

b g o

b i e *.M



. R .
B(z.‘) = 2 mspgkj e
£ mspakj dw

m,s . m,s -
\Ul e -2p)/D£mqukj /

i Rz mspakj ' m, -s m, -s + 2 (425
U T U T - 20)/D i)
SR y
5@ ,Ef_ﬂn_%mbldt:
2 mspgkj 5194
Jn, s m, s -
o) \Ul Ul m/DZ mspgkj ' (126)
& s . ’
2 mspgkj 'Um, S _ g™ sm/D+ \
£ 2 2 mspqgki
p® Fymspal o . a 5(5) H . —~N,_.} (127)
£ mspakj oe £ “fmspqgkj v Lpj 1pj’ ?
50 - f alesmkj &=
£ mspgkj ~ ga
m, -8 __ .M, =S /ot
p \Ul Uy / D, mqukj/
= =R & el § m,s /-~ 3 (128)
a "~ Amspak] /UE ’ Gy ¢ / D, nispkj \
cos - sin
oR . 2
(6) _ f pmspakj 4 _ 8 [(5) p gl 129
BE mspakj ~ al ds 2 Bz mspqakj {rl mp Fl mp} i1 (129)
and
; _ 3 G2 . 2-d (1) 1t =
A'M, mspakj az N( A f B, mspgkj ¢
g™ s oy s D )2
. { ¢V gmspgk]) /
= _-L;-N?, a%-k RZ ki Um’_s—*Um’-S/D+ )2
) g2 mSpPgK]} ’ ¢ ? ( £ mspakj \
e cos -~ sin
. (150)
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o WA

awan

i s

1
%
j
1
i

i it g

Finally, the short-period perturbations are given, for all terms for which

£-2p+j#0

_2.2-t Yi-e [T E 5@
£ mspqkj (O naze fmspakj fmpsqk]
- N2 ,2-2 _cosecl (2) _n® ]
AI! mspgkj N( a(( 2 ‘/——Q [ 2 mspgkj el B! mspqkj |
_ N2 .21 1 (4) (5)
£ mspgkj N( a( naze l}l = ) Bl mquk] BE mspgkj
a2 22 1 (6) _.2
Aw!mqukj ¢ a( —-——-—-—2 . [e Bﬁmquk] cotI+ (1-e™) B
na eVl -
_ N2 ,2-1 _cosecld (6)
A8 mspaki ~ ¢ % o —3 Lmspaki ’
na Vl -e

which completes the calculations.
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11. COMPUTATIONAL PROCEDURE FOR SHORT-PERIOD PERTURBATIONS
OF HIGH SATELLITES WITH SMALL ECCENTRICITY

The sequence of calculations to obtain short-period perturbations due to a particular

term, R!mqukj’ of the disturbing function (see (117)) is now given.

Given mean elements 3, €, I, M, v, 2, M, , &, E M, o

B, compute, for any term (¢, m, s,p,q,k,j), £ -2p+j # 0:

i, M, o, 2,

_:{,

eisqk, 8y mpj (112 (113)

2) Ji [(£ -2p+j)e] (Bessel function (34)) to the approximation required
1’_’22;3’1.,i(ﬁ) (115) or (116)

4) Flmp @ )

5 Fyq @) ©

6) Gy (e (33), (34), (35), and (36)
7 Hy (@) (114)

8 Y1 @) (119)

£, m
9 75 ® (120

10) Y™ @) (118)

1) N, (@) (121)

=t
12) D coaij (122); (123)

ik m-:.ﬂ.ﬁ




13) U;n’ = U;n’ "8 (12)

14y B

Y mspgkj? 1= 1»2--+»6 (125) through (129)

’
o o Mlmqukj (130)

16) A2, okt 2 A% mepqi (132)

Complete short-period perturbations.
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12. REMARKS ON SOLAR PERTURBATIONS

The previous formulations apply as well to solar perturbations, which are about

of the same order of magnitude. In fact, for the Sun,

Gmo - 1
= -l 14
. R To Z (ro) Pl (cos zpo) ! (133)
1=2
so that
—_ "o 2.3 _.2.3
My = I Tm +m. o2 T "o%
(4] 0]
or
a2 3 2 -5 2 -2
GmO—NO g NO_0.75>< 10 " rev” day "

which is of the same size as N(‘(‘. For the Sun, we have (to the mean equinox of date): !
|

0 = 281°1311570 + 6189703 T + 1163 124 o012 0,
Mo= 258°28'3370 + 129596579110 T - 0v'54 ’I‘2 - 01012 T3 s
eo = 0.01675104 (supposed constant) ,

ag = 1.00000129 (astronomical units) ,

g, = 354819283 day ™t




We can consider I, Q tobe zero. The mean inclination with respect to the
equator is € For that matter, it cou’d be considered a function of time, but such
precision is hardly necessary. The disturbing function is given by Equation (8), while
(2) is written

_ 2 2
R= Noag R, - (134)

The transformation (10) is not necessary, so that the coefficients A;n, B;n (Eq. 5)
retain their original form by using I’ = E, the inclination of the orbit of the Sun with

respect to the equator. It follows that

£+1 L £ i
! /a
oL (xy (O (£ -m)!
Rl_ a (a) <ro> 'z Z ‘m (£ + m)! Flmpa) Ffmq(E)X
m=0 p=0 q=0
X cos [(Z -2p)v - (£ -2q) Vot ms2] . (135)

The secular and long-period part of this is

N.;dl

]

mh
M-
M-~
M-~
M
;
i
g2

!

£mp @ Flmq(e)x
m=0 p=0 q=0 Kk=-w
2,1 -1 ~
XU+ T T Hy o0 g 8) Gy eg) X
X cos [(f -2p)w - (£ -29) wo " {f -2q +k) Mg + mQ] (136)

which for the Sun is used in place of Equation (37). More precisely:




e

= _ ¢ - m)! o1 - 1
lequ— ‘m fmn))? Flmp(l) Flmq(e) (1+8% Hlp(zp-l)(ﬁ)x
X Gyop €0) Copqmk ? (137)
where
Clpqu= cos [(£-2p)w- (£ -2q)mo- ® -2q+k)MO +mQ} . (138)

From this point on, all formulas developed for the Moon can be easily adapted, a task
not worth undertakirg here. The complete expressions are given by Kaula (1962), and

the computational procedure is similar to the ones giver. in the previous sections.
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